Low-Rank Sinkhorn Factorization
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Optimal Transport: Comparing Distributions

Some Examples of Probability Measures:
C(X ) c(x, y)

MH é.'r.) =

= LT > e 4
£ MANAGEME NTc: NALYALS ..

== SOFTWARE
iSTURAGEB'ﬁmruammmuqﬁm i

"'“'";gggggﬁ,saru:sizﬂ A : ?fn‘ﬁ‘é"u 1y

.,P' i5c
SANMSa vm .

Discrete Optimal Transport:

« Discrete Distributions: } = Z a6, € M{(X) |, V= Z b; 0, € M (Y)
i=1 =
» Set of Couplings: 11, = {P e R™™ st Pl =a,P'l,= b}

e Cost Matrix: Vi, J Ci,j = c(x;, )’j) where ¢: 2 XY - R

W.(i,v) = min (P, C)
Pell

Costly to compute —— Linear Program: O(n" log(n)) complexity



Entropic Regularization
Shannon Entropy: ~ H(P) =— ) P, (log(P; ) — 1)

Regularized Optimal Transport: W, (i, v) = min (P, C) — eH(P)

P e R
Pl _=aP'1 =b

Sinkhorn Algorithm:
MKNOM AIGor Computing K u and Kv requires O(n1) operations

* Kernel Matrix: K :=exp(—C/¢)

* Until convergence, at each iteration compute : y <

 Qutput: P = Diag(u)KDiag(v)
Quadratic time algorithm
Low-Rank Approximation of the Kernel:

Replace K in the Sinkhorn iterations by K =AB” where (A,B) € (RY)™ X (IRJF)’”X” Line'e algorithm

———» Computing BATS 4hd A BT B G b s digns T

In this work, we propose instead to directly constraint the coupling to admit a low-NN rank




Low-Rank Optimal Transport

< r=3 ) r =10

< — -

Low-NN Rank Couplings: IL,,(r):={P €Il s.t. rky(P) < r} < e =0.05 e = 0.005

< - —

q
NN rank : rki (M) := min {q\M = ZRl-,Vi, rk(R) =1,R, > 0
=1

Definition of Low-rank Optimal Transport

LOT.(11,v) := min (P, C)
Pell, ,(r)

Characterization of Low-NN Rank Couplings:

1, ,(r)=1{P € RY™| P = ODiag(1/2)R!, 0 €Il ,R € I, g>0 and ¢ € A }

a,g’



Reparametrization of LOT

LOT (1, v) = min (C,0Diag(1/2)R")
(O,R,2)ECE (a,b,r)NEH(r)

€\(a,b,r) == {(Q,R, g) € R X R x (R*¥) s.t. 01, = a,R1, = b}
where
€,(r) == {(Q,R, g) € R X R x (R,) s.t. 0"1,=R"1,, = g}

Entropic Regularization of LOT

LOT, (i, v) := inf (C,0Diag(1/g)R") — eH((Q, R, 2))
(Q,R,2)EE (a,b,r)NE (1)

Proposition

If € = 0 then the infimum is attained. If € > 0, then if » = 1, the infimum is attained and for r > 2, the
problem admits a minimum if LOT, .(y,v) < LOT,_; (1, ).



Mirror Descent Scheme

Quadratic time algorithm

(Orats Rists 8rvy) = min KL((¢,, &5, &3), (KW, K2 KO)Y)
TR ek (Gl EC, (@b, INE(1) kTR TR

where (Qu Ry, 80) € G (a,b, ) NE,y(r) , K" := exp(—y,CRDiag(1/g,) — (ne — Dlog(Qy)) |
K2 := exp(—y,CTO,Diag(1/g,) — (e — Dlog(R)) . K := exp(rum/g?—(re — Dlog(e) | [ay; == [QTCR,; . 7> 0

RHemarks: < Each iteration of the MD is a convex problem which can be solved efficiently using the IBP algorithm

. Given (Klgi))?zl, each iteration of the IBP algorithm requires O((n + m1)r) algebraic operations

. Computing (Klgi))iz:1 requires O(nmr) algebraic operations | | |
Linear time algorithm

Linear Time Approximation

if C ~ ABT where (A, B) € R™ x R™ and d < min(n, m) —— (K]Ei))iz:1 can be performed in O((n + m)dr)

Example: The squared Euclidean distance, or more generally any distance matrix.



Experiments
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Thank you

Advantages of the proposed method

—»  Faster to compute than Sinkhorn.

—» |ts parametrization, which is the rank r, encodes directly a property of the resulting coupling.



